Recently, the ALICE collaboration analyzed the three-and four-pion Hanbury Brown-Twiss (HBT) correlations in Pb-Pb collisions at the Large Hadron Collider (LHC). The measured suppressions of three-and four-pion correlations may originate from a substantial coherence of the particle-emitting sources. In this work we investigate the normalized three-and four-pion HBT correlation functions for evolving pion gas (EPG) sources with Bose-Einstein condensation. We find that the intercepts of the normalized correlation functions at zero relative momentum are sensitive to source condensation and particle momentum. The normalized correlation functions in low average-momentum regions of three and four pions decrease obviously with decreasing temperature and increasing particle number of the source, indicating a obvious dependence of the normalized correlation functions on source condensation. However, this dependence becomes weak in an intermediate average-momentum region because particles with high momenta are likely emitted from excited states incoherently in the EPG model, even if the source has a considerable condensation fraction. For a wide momentum range, the normalized correlation functions for low source temperatures are enhanced at larger relative momenta because of a rapid increase of two-pion chaoticity parameter with increasing particle momentum. We hope the significant enhancement of the normalized four-pion correlation function at high relative momentum will be identified through future analyses of experimental data.
I. INTRODUCTION
Two-pion Hanbury Brown-Twiss (HBT) interferometry is widely used to extract the space-time structure of pion-emitting sources produced in high-energy heavy-ion collisions [1] [2] [3] [4] [5] [6] . One widely used parameter in analyses of two-pion HBT interferometry is the chaoticity parameter, λ, which is introduced by assuming a contribution of coherent particle emission. The chaoticity parameter is also related to many other effects in high-energy heavy-ion collisions, such as particle misidentification, final-state Coulomb interaction, long-lived resonance decay, pion laser emission, and so on [1] [2] [3] [4] [5] [6] [7] [8] .
As an extension of two-pion interferometry, multi-pion interferometry has been used in high-energy heavy-ion collisions [4, 5, [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . In our previous work [25] , we investigated the three-and four-pion HBT correlation functions for heavy-ion collisions at the Large Hadron Collider (LHC), based on an evolving pion gas (EPG) model with Bose-Einstein condensation [26] . Our model results of multi-pion correlation (MPC) functions were consistent with experimental data and indicated a source condensation fraction between 16% and 47% [25] . Pion condensation may also enhance the pion-transverse-momentum spectrum in low transverse-momentum region in heavy-ion collisions at the LHC [27] . However, to determine the source condensation fraction with the HBT technique, one has to remove the other effects on chaoticity parameters, especially the effect of long-lived resonance decay.
In Ref. [15] , Heinz, Zhang, and Sugarbaker proposed the normalized three-pion correlation function r 3 , which can be used to determine the degree of source coherence without contamination from resonance decays. The function r 3 has been used to analyze experimental data for heavy-ion collisions at the CERN-SPS [17, 18] , RHIC [19] , and LHC [22] . In this article, we investigate the normalized three-pion and four-pion correlation functions, r 3 and r 4 , in the EPG model for heavy-ion collisions at the LHC. The results show that the normalized MPC functions in low average-transverse-momentum region are sensitive to EPG source condensation. The increase of the normalized MPC functions at high relative momenta reflects the particle-correlation characteristic in the EPG model, that the correlations decrease rapidly with increasing particle momentum.
This article consists of four sections. We present some basic MPC formulas and study the intercepts of normalized MPC functions in the EPG model in section 2. In section 3, we show and discuss the results of the normalized three-and four-pion correlation functions in the EPG model. Finally, we give a summary and conclusions in section 4.
II. INTERCEPTS OF NORMALIZED MPC FUNCTIONS IN THE EPG MODEL
By the definitions of HBT correlation functions with density matrices, the two-, three-, and four-pion correlation functions can be written as [25] 
relation of a single pion pair, correlation of a double pion pair, pure pion-triplet interference or true three-pion correlator [9, 15] , and pure pion-quadruplet interference, respectively.
The particle-emitting source in the EPG model [26] is a quasi-static identical-pion gas trapped within a mean field with harmonic oscillator potential [28] ∼ ( ωr 2 /a 2 ), where a = /mω is the characteristic length of the harmonic oscillator. The harmonic oscillator potential has been used to study Bose-Einstein condensation in atomic physics [29] [30] [31] . Its advantage here is that the pion gas system can be analytically solved in nonrelativistic cases [28] , although the particle motion is relativistic in our model calculations [25, 26] .
In the EPG model, the source evolution is assumed to be an adiabatic expansion satisfying T V γ−1 = constant at each state of evolution, which is an approximation for the case that the system relaxation time is shorter than the source evolution time. Here, T is the temperature and V is the volume of the source. For a source expanding spherically, it is assumed that a = C 1 R = C 1 (R 0 + αt) [26] , where C 1 is the source-size parameter, R 0 is the initial source radius, and α is a parameter related to the average expansion velocity of the source. With a hydrodynamical calculation for R 0 = 6 fm and T 0 = 170 MeV, the model parameters γ and α are fixed at 1.627 and 0.62 [26] , respectively. In the model calculations of this paper, the values of C 1 are taken to be 0.35 and 0.40 as in Refs. [25, 26] .
For the EPG source with Bose-Einstein condensation, the functions are [25] 
and
where G (1) (p i , p j ) is the one-particle density matrix, N 0 is the ground-state particle number, and u n (p) (n = 0, 1, 2, · · · ) is the single-particle wave function, and
where g n is the degeneracy, Z is the fugacity parameter including the factor for the lowest energy level ε 0 , andẼ n is the eigenenergy of a relativistic pion relative to ε 0 [25, 26, 28, 30] .
In Eqs. (5) and (6),
and N 0 [25] . For a completely chaotic source, N 0 << N, the second terms in the numerators in Eqs. (4), (5), and (6) approach 0. However, in the nearly completely coherent case, almost all particles are in the ground condensate state, functions
the two terms in the numerators in Eqs. (4), (5), and (6) approximately cancel each other. Therefore, the two-pion, three-pion, and four-pion correlation functions approach 1 in the completely coherent case [26] . From Eq. (7), we can calculate the density matrices
for the EPG source at each evolution step (with given temperature T and total particle number N) with the technique developed in Ref. [28] , and then obtain the two-, three-, and four-pion correlation functions [25, 26, 28] .
The normalized three-pion correlation function r 3 (p 1 , p 2 , p 3 ) is defined by dividing
by the square root of the product of the two-particle correlators [15] :
Function r 3 is insensitive to resonance decay [15, [17] [18] [19] 22] , and is directly related to the condensation fraction for our space-symmetric EPG sources. Similarly, the normalized four-
where
In the EPG model, the intercept of R 2 (p 1 , p 2 ) at zero relative momentum can be written as [26] 
where f 0 = N 0 /N is the condensation fraction and
Hence, the intercepts of r 3 and r 4 at zero relative momentum
can be written as
These intercepts are functions of condensation fraction f 0 and particle momentum p, and thus are functions of system temperature T , particle number N, source-size parameter C 1 [25, 26] , and particle momentum p.
We plot in Figs. 1(a)-(d), 1(e)-(h), and 1(i)-(l) the intercepts λ, I 3 , and I 4 , respectively, as functions of the condensation fraction f 0 for EPG sources with different values of sourcesize parameter C 1 , particle number N, and particle momentum p = |p|. The variational tendencies of λ(f 0 ), I 3 (f 0 )/2, and I 4 (f 0 )/6 are almost the same. They are 1 when f 0 = 0.
As f 0 increases from 0, the intercepts decrease to their minima, and then increase with increasing f 0 . The decreases of the intercepts are much smaller for higher momentum. This is because the particles with higher momenta are likely emitted from the excited states incoherently, even from a source with finite f 0 . For the same f 0 value, the intercepts are with different values of source-size parameter C 1 , particle number N , and particle momentum p. smaller for the higher particle numbers and the smaller source-size parameter. This is due to the function F N defined in Eq. (12) , which increases with decreasing N and increasing C 1 at low momentum in the EPG model (see Fig. 7 in Ref. [26] ). From Eq. (11) we see that the intercept increases with increasing f 0 if F N (p) deceases more rapidly with increasing f 0 . This is the reason for the increases of the intercepts for higher momentum at high f 0 (with low source temperature).
We further plot in Figs. 2(a) T (MeV) low temperature. The minima decrease with decreasing p, increasing N, and decreasing C 1 .
III. RESULTS OF NORMALIZED MPC FUNCTIONS
In this section we analyze the normalized MPC functions r 3 (Q 3 ) and r 4 (Q 4 ) in different regions of the average transverse momenta K T 3 and K T 4 in the EPG model, and compare the model results with corresponding experimental data [22] . Here, We plot in Fig. 3 the normalized three-pion correlation function r 3 (Q 3 ) for different source temperatures and small and large particle numbers, N = 400 and 800, in the EPG model with C 1 = 0.35. In the low average-transverse-momentum region 0 < K T 3 < 0.16 GeV/c, r 3 (Q 3 ) decreases with decreasing T and is lower for high N. This is because the system has more condensation at lower temperature and higher particle number than at higher temperature and lower particle number. For the low particle number, r 3 (Q 3 ) decreases with increasing Q 3 . However, for high particle number and low temperature, T = 80 MeV, r 3 (Q 3 )
increases slightly with increasing Q 3 . In the intermediate average-transverse-momentum region 0.16 < K T 3 < 0.3 GeV/c, r 3 (Q 3 ) results are higher than those in the low averagetransverse-momentum region, and the dependences of r 3 (Q 3 ) on the source temperature and particle number become weaker than those in the low average-transverse-momentum region. These reflect the important characteristic of the EPG source that the particles with high momenta are likely emitted from excited states thermally and incoherently even for the source with a considerable condensation fraction. In the high average-transverse-momentum region K T 3 > 0.3 GeV/c, r 3 (Q 3 ) is almost the same for the temperatures T = 120 and 100 MeV. However, r 3 (Q 3 ) becomes flat at large Q 3 for the low temperature T = 80 MeV.
To explain the variational tendency of r 3 (Q 3 ) with increasing Q 3 , we consider the special case p 1 = p 2 in Eq. (8) for simplicity. In this case, we have
where 0 < R ch 2 (q 23 ) < 1 is the two-pion correlator of completely chaotic source, and λ(p) is the chaoticity parameter (intercept) of the two-pion correlation at average particle momentump. For a completely chaotic source, f 0 = 0, λ(p) = 1, and r 3 (Q 3 ) = 2. For finite f 0 and fixed λ(p), r 3 (Q 3 ) decreases with increasing Q 3 because R ch 2 (q 23 ), as a function of source size and Q 3 , decreases with increasing Q 3 . In fact, the value of λ in Eq. (19) is Q 3 -dependent becausep is related to Q 3 . The average particle momentump will increase with increasing Q 3 if there are no other constraints. This leads to an increasing λ(p) (see Fig. 1 ) and decreasing [1 − λ(p)] with increasing Q 3 . From Eq. (19) we see that r 3 (Q 3 ) will increase with increasing Q 3 if [1 − λ(p)] decreases with increasing Q 3 faster than R ch 2 (q 23 ) does. This may occur at low temperature, where λ(p) decreases rapidly with increasing particle momentum (see Fig. 2 ).
We plot in Fig. 4 the normalized three-pion correlation function r 3 (Q 3 ) for EPG sources with C 1 = 0.40 and N = 800 and 1200. The behaviors of r 3 (Q 3 ) in the low and intermediate average-transverse-momentum regions are similar to those in Fig. 3 . In the high averagetransverse-momentum region, the results of r 3 (Q 3 ) for the low temperatures obviously increase with increasing Q 3 at large Q 3 compared to the results for the high temperature. This is related to the increase of λ with increasing particle momentum in the wide momentum variational region.
We plot in Fig. 5 is obviously enhanced at large Q 4 for the low temperature T = 80 MeV. This is because the chaoticity parameter of two-pion HBT correlations, λ, increases rapidly with increasing particle momentum at large Q 4 in the EPG model.
In figure 7 we plot the normalized four-pion correlation function r 4 (Q 4 ) for EPG sources in the average-transverse-momentum regions 0.16 < K T 4 < 0.3 GeV/c and 0.3 < K T 4 < 1 GeV/c. Here, we use the source temperatures and particle numbers as in Ref. [25] in comparing the MPC model results with the experimental Pb-Pb collision data [24] . In the low transverse-momentum region, the results of r 4 (Q 4 ) for the large particle numbers are lower than 6 at small Q 4 . This indicates that there are considerable condensations for the EPG sources with the high N. In the high transverse-momentum region, r 4 (Q 4 ) is almost In high average-transverse-momentum region, the normalized MPC functions for low source temperatures are enhanced at larger relative momenta because of the rapid increase of the two-pion chaoticity parameter λ with increasing particle momentum in the EPG model.
Although the EPG model considers only a simple pion-emitting source expanding spherically, it approximately reproduced the MPCs in Pb-Pb collisions at the LHC [24] in our previous work [25] . In this study, we found that the EPG model gives intercepts of the normalized MPC functions in agreement with the experimental Pb-Pb collision data [22] . The function r 3 (Q 3 ) in the EPG model also approximately reproduces the experimental data in the high average-transverse-momentum region [22] . As a result of the EPG model, we hope the significant enhancement of the normalized four-pion correlation function r 4 (Q 4 ) at large relative momentum will be identified experimentally in future.
